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Descartes’ rule of signs

Theorem [Descartes].

The number of positive zeros of a real
univariate polynomial does not exceed the
number of sign changes in its sequence of
coefficients. Moreover, it has the same
parity.

4.

René Descartes
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Descartes’ rule of signs

René Descartes

4.

Theorem [Descartes].

The number of positive zeros of a real
univariate polynomial does not exceed the
number of sign changes in its sequence of
coefficients. Moreover, it has the same

parity.

Theorem [Sturm].

The number of zeros of a real univariate
polynomial p on the interval (a, b] is given by
V(a) — V(b), with V() the number of sign
changes in its Sturm sequence p, p1, P2, - - ..
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Euclidean algorithm and continued fractions

Starting from fo :=p, f1 :=q — (bo/ap)p, form the Euclidean
algorithm sequence

fiii=qf+f1, j=1,....k;, fkz1=0.

Then fy is the greatest common divisor of p and q.
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Euclidean algorithm and continued fractions

Starting from fo :=p, f1 :=q — (bo/ap)p, form the Euclidean
algorithm sequence

fiii=qf+f1, j=1,....k;, fkz1=0.

Then fy is the greatest common divisor of p and q. This gives a
continued fraction representation

- ak(2)
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Generalized Jacobi matrices

[ ak(z)
1
0

oo...
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dk-1(2)
1

oo...

0
-1
Qk—2(2)

oo...




Generalized Jacobi matrices

[ ak(2) -1 0 0 0
1 dk-a(z) -1 0 0
0 1 _(z 0 0
se=| 0 s 0
0 0 0 a2(z) -1
0 0 0 1 qu(z) |

Remark 1. hj(z) := fj(z)/f(z) is the leading principal minor of
J(z) of order k — j. In particular, ho(z) = det 7(z).
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Generalized Jacobi matrices

[ ak(2) -1 0 0 0
1 dk-a(z) -1 0 0
0 1 _(z 0 0
se=| 0 s 0
0 0 0 a2(z) -1
0 0 0 1 qu(z) |

Remark 1. hj(z) := fj(z)/f(z) is the leading principal minor of

J(z) of order k — j. In particular, ho(z) = det 7(z).

Remark 2. Eigenvalues of the generalized eigenvalue problem
J(@Zz)u=0

are closely related to properties of R(z).
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Jacobi continued fractions

In the regular case,
qi(z) = 4z + G, aj, B € C,a5 #0.

The polynomials f; satisfy the three-term recurrence relation
fi-1(z) = (yz + 5)fi(2) + f42(2), T=1,....1.
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Jacobi continued fractions

In the regular case,

qj(z) = o5z + G, aj, B € C,a5 #0.
The polynomials f; satisfy the three-term recurrence relation
fi-1(z) = (yz + 5)fi(2) + f42(2), T=1,....1.

~ fi(z) 1

B B 1
fo(2) a1Z + 31+
aZ + (B2 +

R(z)

1

a3zZ + 33 +
S
arZ + By
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Stieltjes continued fractions

In the doubly regular case,

. k
QZj(Z) = C2ja lea \‘ZJ )

O2j-1(z2) = Cg-12, j=1...r.
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Stieltjes continued fractions

In the doubly regular case,

. k
QZj(Z) = C2ja lea \‘ZJ )

O2j-1(z2) = Cg-12, j=1...r.
R(z) = f(2) = ! ,Where
fo(z) 1
C1Z + 1
Co +
C3Z + 1
. + ?

1. C if IR(0)| < oo,
o Cor_1z |if R(O) = Q.
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Sturm algorithm

Sturm’s algorithm is a variation of the Euclidean algorithm

fJ—l(Z):qJ(Z)fJ(Z)_ j+1(z)7 J :Oa 17"'7k7

where fy1(z) = 0. The polynomial fy is the greatest common
divisor of p and q.
The Sturm algorithm is regular if the polynomials g; are linear.
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Sturm algorithm

Sturm’s algorithm is a variation of the Euclidean algorithm

fJ—l(Z):qJ(Z)fJ(Z)_ j+1(z)7 J :01 17"'7k7

where fy1(z) = 0. The polynomial fy is the greatest common
divisor of p and q.
The Sturm algorithm is regular if the polynomials g; are linear.

Theorem [Sturm].

Ind™ (Ll) =n—2V(hg,...,hy) where hy is the leading

fo
coefficient of fi.
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Cauchy indices

Definition.

+1, if F(w—0)<0<F(w+0),

Indw(F)::{ -1, if F(w—O)>0>F(W+O)7

is the index of the function F at its real pole w of odd order.
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Cauchy indices

Indy,(F) = +1, if F(w—0)<0<F(w+0),
RO -1, if F(w—0)>0>F(w+0),

is the index of the function F at its real pole w of odd order.

Theorem [Gantmacher].

If a rational function R with exactly r poles is represented by a
series

So S1
R(z)=s_1+—+—=+--- then
(2) 1ttt

Ind*% =r — 2V(Dg(R),D1(R),D2(R), ..., D¢ (R)).

Olga Holtz Zero localization: from 17th-century algebra to challenges of toda



Hankel and Hurwitz matrices

Let R(z) be a rational function expanded in its Laurent series at

(0. ]
So S1 So
R(z) =s_ — — — .
() 1+Z+22+Z3+
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Hankel and Hurwitz matrices

Let R(z) be a rational function expanded in its Laurent series at
0@

So S1 So
R(Z):S_1+?+§+;+"'-

Introduce the infinite Hankel matrix S :=[s; |7}, and consider
the leading principal minors of S:

So S1 So . Sj—l
S1 So S3 c S; .

Dj(S)=det| . . . . |, i=123....
Si—1 S} Sjy1 ... Spj-2

These are Hankel minors or Hankel determinants.
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Hurwitz determinants

LetR(z) = @, p(z) =apz" +---

p(z)

4(z) = boz" + -+

Foreachj=1,2,..., denote

do
bo

0

Vai(p.q):=det | O

0
0

ap ap
by by
dp a1
bo bs

0O O
0 O

+an7

+bl’]a

qj_2

bj_2
ao
bo

aop # 0,

az
by

agj—1
b1
agj—2
b2

CY
b

These are the Hurwitz minors or Hurwitz determinants.
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Hankel «— Hurwitz

Theorem [Hurwitz].

Let R(z) = q(z)/p(z) with notation as above. Then

Vai(p,a) =adDj(R), j=1,2,....
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Hankel «— Hurwitz

Theorem [Hurwitz].

Let R(z) = q(z)/p(z) with notation as above. Then

Vai(p,a) =adDj(R), j=1,2,....

Let T(z) = —1/R(z) with notation as above. Then

2j .
Di(S) =s?,Di(T), i=1.2,....
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Even and odd parts of polynomials

Let p be a real polynomial

p(z) = aoz"+a1z" M+, +an=:po(z®) + zp1(z?), a >0, & € R,
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Even and odd parts of polynomials

Let p be a real polynomial

p(z) = aoz"+a1z" M+, +an=:po(z®) + zp1(z?), a >0, & € R,

Letn =degp and m = LgJ
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Even and odd parts of polynomials

Let p be a real polynomial

p(z) = aoz"+a1z" M+, +an=:po(z®) + zp1(z?), a >0, & € R,

Letn =degp and m = LgJ

forn =2m
po(u) = agu™+au™ 14 ... 4+ a,_ou+a,
p1(u) = au™ ! +azuM™ 2+ .. +a,_3utan_q,
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Even and odd parts of polynomials

Let p be a real polynomial

p(z) = aoz"+a1z" M+, +an=:po(z®) + zp1(z?), a >0, & € R,

Letn =degp and m = LgJ

forn =2m
po(u) = agu™+au™ 14 ... 4+ a,_ou+a,
p1(u) = au™ ! +azuM™ 2+ .. +a,_3utan_q,
forn=2m+1
po(u) = au™+asu™ 4 .. +a,_ou+ap,
p1(u) = agu™+au™ 4 .. +a,_3u+an_1.
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Associated function and the main theorem of stability

Introduce the function associated with the polynomial
p(z) = po(z?) + zp1(2?)

Olga Holtz Zero localization: from 17th-century algebra to challenges of toda



Associated function and the main theorem of stability

Introduce the function associated with the polynomial
p(z) = po(z?) + zp1(2?)

d(u) = P1(u)
Po(U)
Definition.
A polynomial is Hurwitz stable if all its zeros lie in the open left
half-plane.
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Associated function and the main theorem of stability

Introduce the function associated with the polynomial
p(z) = po(z?) + zp1(2?)

A polynomial is Hurwitz stable if all its zeros lie in the open left
half-plane.

Main Theorem of Stability

A polynomial z +— p(z) = po(z?) + zp1(z?) is Hurwitz stable if
and only if

®(u) ﬂ+zu+ mt >0, oz,-,w,->0,m:EJ.

<
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Hurwitz and Lienard—Chipart Theorems

Hurwitz Theorem
A polynomial p of degree n is Hurwitz stable if and only if

Aj(p) >0, Ax(p) >0,..., Ax(p) > 0.
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Hurwitz and Lienard—Chipart Theorems

Hurwitz Theorem
A polynomial p of degree n is Hurwitz stable if and only if

Aj(p) >0, Ax(p) >0,..., Ax(p) > 0.

Lienard and Chipart Theorem

A polynomial p of degree n is Hurwitz stable if and only if

An_1(p) >0, Aq_3(p) >0, Ap_5(p) >0, ...

and
apn>0,a,_2>0,a,_4>0, ...
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Stable polynomials and Stieltjes continued fractions

Using properties of functions mapping the UHP to LoHP and
the main theorem of stability, one can obtain

Stieltjes criterion of stability

A polynomial p of degree n is Hurwitz stable if and only if its
associated function ¢ has the following Stieltjes continued
fraction expansion

u 1
o) = P — oo+ - ,
Po LU + -
Co + 1
CaU + - 1
Com
: n
wherecg >0andc; >0,i=1,...,2m,and m = bJ
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Further criteria of stability

A polynomial p of degree n is Hurwitz stable if and only if the
infinite Hankel matrix S = |[si}_, is a sign-regular matrix of

rank m, where m = {—J
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Further criteria of stability

A polynomial p of degree n is Hurwitz stable if and only if the
infinite Hankel matrix S = |[si}_, is a sign-regular matrix of

rank m, where m = {—J

A polynomial f = p(z?) +zq(z?) is stable if and only if its infinite
Hurwitz matrix H(p, q) is totally nonnegative.
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Factorization of infinite Hurwitz matrices

Ifg(z) =goz' + 912"t +... + g, then

H(p-g9.0-9)=H(p,a)7(g),  where

[0 01 92 O3 Q4
0 g 91 92 O3
0 O go 91 92
T@):=]10 0 0 g o
0 0 0 0 g

Here we setg; = O forall i > I.
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Another factorization

Theorem

If the Euclidean algorithm for the pair p, q is doubly regular,
then H(p, q) factors as

H(p,q) = J(c1) --- I(e)H (0, 1)7(9),

c 1000 1000
00100 0000
00c 10 0100

Je)=10 00 0 1 HO.1)=10 0 0 0
0000 c 0010
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Stable polynomials and Stieltjes continued fractions

Using properties of functions mapping the UHP to LoHP and
the main theorem of stability, one can obtain

Stieltjes criterion of stability

A polynomial p of degree n is Hurwitz stable if and only if its
associated function ¢ has the following Stieltjes continued
fraction expansion

u 1
o) = P — oo+ - ,
Po LU + -
Co + 1
CaU + - 1
Com
: n
wherecg >0andc; >0,i=1,...,2m,and m = bJ
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Stable polynomials and Jacobi continued fractions

"Jacobi” criterion of stability

A polynomial p of degree n is Hurwitz stable if and only if its
associated function ¢ has the following Jacobi continued
fraction expansion

P1(u) — —ou+B+ 1

pO(u) a1u+/81_

o(u) =

apU+Br—

where o > 0, o > 0and 3, 5, € R.
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@ Stielties, Jacobi, other continued fractions.
Padé approximation
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@ Stielties, Jacobi, other continued fractions.
Padé approximation

@ Orthogonal polynomials. Moment problems
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Padé approximation
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@ Nevanlinna functions

Olga Holtz Zero localization: from 17th-century algebra to challenges of toda



@ Stielties, Jacobi, other continued fractions.
Padé approximation

@ Orthogonal polynomials. Moment problems
@ Nevanlinna functions

@ Pdlya frequency sequences and functions
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Stielties, Jacobi, other continued fractions.
Padé approximation

Orthogonal polynomials. Moment problems

Nevanlinna functions

Pélya frequency sequences and functions

Laguerre-Polya class and its generalizations

Olga Holtz Zero localization: from 17th-century algebra to challenges of toda



@ Stielties, Jacobi, other continued fractions.
Padé approximation

@ Orthogonal polynomials. Moment problems
@ Nevanlinna functions

@ Pdlya frequency sequences and functions

@ Laguerre-Polya class and its generalizations

@ Total nonnegativity
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@ Stielties, Jacobi, other continued fractions.
Padé approximation

Orthogonal polynomials. Moment problems

Nevanlinna functions

Pélya frequency sequences and functions

Laguerre-Polya class and its generalizations

Total nonnegativity

Matrix factorizations
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@ Stielties, Jacobi, other continued fractions.
Padé approximation

@ Orthogonal polynomials. Moment problems
@ Nevanlinna functions

@ Pdlya frequency sequences and functions

@ Laguerre-Polya class and its generalizations
@ Total nonnegativity

@ Matrix factorizations

@ Hurwitz rational and meromorphic functions
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Zero localization

. is everywhere

@ Zeros of entire and meromorphic functions from number
theory (e.g., Riemann (-function and other L-functions)
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Zero localization

.. Is everywhere

@ Zeros of entire and meromorphic functions from number
theory (e.g., Riemann (-function and other L-functions)

@ Zeros of partition functions for Ising, Potts and other
models of statistical mechanics (Lee-Yang program)
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Zero localization

... IS everywhere

@ Zeros of entire and meromorphic functions from number
theory (e.g., Riemann (-function and other L-functions)

@ Zeros of partition functions for Ising, Potts and other
models of statistical mechanics (Lee-Yang program)

@ Zeros arising as eigenvalues in matrix/operator eigenvalue
problems (e.g., random matrix theory)
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Zero localization

... IS everywhere

@ Zeros of entire and meromorphic functions from number
theory (e.g., Riemann (-function and other L-functions)

@ Zeros of partition functions for Ising, Potts and other
models of statistical mechanics (Lee-Yang program)

@ Zeros arising as eigenvalues in matrix/operator eigenvalue
problems (e.g., random matrix theory)

@ Recent generalizations of stability and hyperbolicity to the
multivariate case and applications to Pdlya-Schur-Lax type
problems (Borcea, Brandén, B. Shapiro, etc.)
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Thank you!
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